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1 Introduction 

Inequalities have always been of great importance for the development of several branches 
of mathematics. For instance, in approximation theory and numerical analysis, linear 
and nonlinear inequalities, in one and more than one variable, play an important role in 
the estimation of approximation errors [12] . 

Time scales, which are defined as nonempty closed subsets of the real numbers, are the 
basic but fundamental ingredient that permits to define a rich calculus that encompasses 
both differential and difference tools [El OH- At the same time one gains more (cf., e.g., 
Corollary 13. ip . For an introduction to the calculus on time scales we refer the reader to 
[6J and [HE], respectively for functions of one and more than one independent variables. 

Integral inequalities of Gronwall-Bellman-Bihari type for functions of a single variable 
on a time scale can be found in [H El QJJ [M] . To the best of the authors knowledge, 
no such results exist on the literature of time scales when functions of two independent 
variables are considered. It is our aim to obtain here a first insight on this type of 
inequalities. 
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2 Linear inequalities 

Throughout the text we assume that Ti and T 2 are time scales with at least two points 
and consider the time scales intervals fi = [ai,oo) (~l Ti and f 2 = [02,00) fl T 2 , for 
d\ G Ti, and a 2 G T 2 . We also use the notations Rq = [0, 00) and No = N U {0}, 
while e p (t, s) denotes the usual exponential function on time scales with p G 1Z, i.e., p a 
regressive function [6]. 

Theorem 2.1 Let u(ti, t 2 ), a(ti, t 2 ), /(ti, t 2 ) G C(f 1 xf 2 ,Rj) with a(h, t 2 ) nonde- 
creasing in each of its variables. If 

/•tl rta 

u(h,t 2 ) < a(tx,t 2 ) + / /(si,s 2 )m(si,s2)AisiA 2 s2 (1) 

J a\ J a,2 

for (ti, £ 2 ) G fi x f 2 , i/ien 

u(*i,i 2 ) < a (*i.*2)ej-t2 /(tl)S2)A2S2 (ti,ai) , (h,t 2 ) G fi x f 2 . (2) 

Proof Since a(ii,t 2 ) is nondecreasing on (ti, £2) G f 1 xf 2 , inequality (TfJ implies, 
for an arbitrary e > 0, that 

r{h,t 2 ) < 1 + 



/•Si /"t2 

/ / /(si, s 2 )r(si, s 2 )A 1 SiA 2 s 2 , 



where r(ti,t 2 ) = a ^\'^]. E . Define v(ti,t 2 ) by the right hand side of the last inequality. 
Then, 

d fdv(h,t 2 ) 



. , , ... , -/(ti,ta)r(ti,t 2 ) </(t ls taM*i,t2), (*i,* 2 )eff xfj. (3) 

A 2 l2 \ Aiti J 

From ([3]), and taking into account that v(t\,t 2 ) is positive and nondecreasing, we obtain 

V (U to)-9- (Mt±M\ 



u(tl,t 2 )«(tl,cr 2 (i 2 )) 

from which it follows that 



</(*i, *a), 



l1 ' 2)A2 ^ Altl > <f(t U t 2 )+ A ^ ^ 



v{ti,t 2 )v{ti,a 2 (t 2 )) ' v(h,t 2 )v(ti,a 2 (t 2 )) 

The previous inequality can be rewritten as 
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Alt! 



A 2 t 2 \v(ti,t 2 ) 



<f{h,t 2 ). 



Delta integrating with respect to the second variable from a 2 to t 2 (we observe that t 2 

>v(ti,t 2 ) I 
Aiti l(tl,a 2 )~ 



can be the maximal element of f 2 , if it exists), and noting that d"(*i,*2) Q2 )= 0, we 



have 

dv(ti ,t 2 
Ait 



v{h,t 2 ) 



^< / /(ti,s 2 )A 2 s 2 , 
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that is, 



dv(t 1 ,t 2 ) 



< 



f(ti 7 S 2 )A 2 S 2 v(tl,t 2 ). 



Fixing t 2 G T2 arbitrarily, we have that p{ti) :— fj^ f(t%, s 2 )A 2 s 2 G 7Z + . Because 
v(ai,t 2 ) — 1, by [2j Theorem 5.4] v(ti,t 2 ) < e p (ti,ai). Inequality ([2]) follows from 

u(h,t 2 ) < [a(ti.t 2 ) +e]v(t 1: t 2 ) 

and the arbitrariness of e. □ 

Corollary 2.1 (cf. Lemma 2.1 of [10J ) Let Ti = T 2 = R and assume that the 
functions u(x,y),a(x,y), f(x,y) € C([xo,oo) x [y , 00), Rj) wi£/i a(x,y) nondecreasing 
in its variables. If 



x r y 



f(t, s)u(t, s)dtds 



f(t, s)dtds 



u{x,y) < a{x,y) - 
for (x,y) G [x a ,oo) x [2/0,00), then 

u(x,y) < a(x,y)exp 
for (x,y) G [x , 00) x [y , 00). 



Corollary 2.2 (cf. Theorem 2.1 of [13j) Let Y\ = Y 2 = 1, and assume that the 
functions u(m, n), a(m, n), /(to, n) are nonnegative and that a(m, n) is nondecreasing for 
to G [too, 00) l~l Z and n 6 [rio, 00) n Z, too, hq G Z. // 

m— 1 n— 1 

it(m, n) < a(m, n) + /(s, t)u(s, t) 

s—rrLQ t=no 



for all (to, n) G [mo, 00) n Z x [no, 00) n Z, i/ien 



t(m,n) < a(m,n) J| l+2j/(s,t) 



/or (to, n) G [too, 00) D Z x [no, 00) (~l Z. 

Remark 2.1 We noie i/iai, following the same steps of the proof of Theorem \ 2.1 
one can obtained other bound on the function u, namely 



u(h,t 2 ) < a(ti,t 2 )ejH /( ai , ta )A iai (*2,a 2 ). 



(4) 



When Ti = T2 = R, then the bounds in £|P and ^ coincide (see Corollarv \2.1\) . If, for 
example, we let T\ = T 2 = Z. the bounds obtained can be different. Moreover, at different 
points one bound can be sharper than the other and vice-versa (see Examvle \2.1\) . 
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Example 2.1 Let f(t 1 ,t 2 ) be a function defined by /(0,0) = 1/4, /(1,0) = 1/5, 
/(2,0) = 1, /(0, 1) = 1/2, /(1,1) = 0, and /(2, 1) = 5. Set oi = a 2 = 0. Then, from 0) 
we get 

3 147 
u(2,l)< 0(2,1)-, u(3,2)<o(3,2) — , 

while from |^J) we get 

t t (2,l)<a(2,l)g, «(3,2)<a(3,2)^. 
Other interesting corollaries can be obtained from Theorem 12. II 

Corollary 2.3 Let Ti = q N " = {q k : k 6 N }, /or some g > 1, and T 2 = E. Assume 
i/ia£ the functions u(t,x), a(t,x) and f(t,x) satisfy the hypothesis of Theorem \2.1\ for all 
(t, x) G Ti x T 2 with 01 = 1 and a 2 — 0. If 



t/q 

u(t, x) < a(t, x) + 



y2il-^)s f(s,r)u(s,T)dr 

3=1 J 



for all (t,x) G Ti x T2, then 

t/q r 



(t,x)<a(t,x)t[ l + (g-l)s/ f(s,r)dT 
s=i L Jo 



/or (t, as) G Ti x T 2 . 

We now generalize Theorem 12. II If in Theorem l2.2l we let / = 1 and g not depending 
on the first two variables, then we obtain Theorem 1 2. II 



Theorem 2.2 Let u(t x ,t 2 ), a(h, t 2 ), /(*i, t 2 ) G C(T X x T 2 ,RJ), with a and f 
nondecreasing in each of the variables and g(tx, t 2 , s x , s 2 ) G C(S, Kg"), where S = 
{(tut 2 , Sl ,s 2 ) G Ti x f 2 x f 1 x f 2 : ai < si < t x ,a 2 < s 2 < t 2 }. If 

g(t x ,t 2 , s 1 ,s 2 )u(s 1 , s 2 )A 1 s 1 A 2 s 2 

~2 

for (t x ,t 2 ) G Ti x f 2 , then 

u(t x ,t 2 ) < a(ti,t 2 )ejt 2 /({ 1 ,t 2 ) 9 (i 1 ,t 2j t 1 , S2 )A 2 s2 

(ti.oi), (ti,t 2 ) G Ti x T 2 . (5) 

Proof We start by fixing arbitrary numbers t* G Ti and £ T 2 , and considering 
the following function defined on [ai, t*] n Ti x [02, i 2 ] H T2 for an arbitrary e > 0: 

n*2 
g{t\,t* 2l si, s 2 )u(si, s 2 )AiSiA 2 s 2 . 
__2 

From our hypothesis we see that 

u(ti,t2) < «(ti,*2), for all (ii,i a ) G [ai,i*] n f 1 X [a 2 ,t*] nf 2 . 
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Moreover, delta differentiating with respect to the first variable and then with respect to 
the second, we obtain 

i ( I't^ ) = mA)9{tlAMM)u{hM) 

for all (ti,t 2 ) G [ai,tj] fe n Ti x [02, t^]* H T2. From this last inequality, we can write 



v(t 1 ,t 2 )v(t 1 ,a 2 (t 2 )) 

Hence, 



<f(tl,t*)g(tl,t* 2 ,t l7 t 2 ). 



v ( tl t2 )S_ ( dv(t l t2 ) \ dv{tlM) dv(tut2) 

A2t2 1 Altl J < mA) 9 {tiAMM) + Aiti A2t2 



v{t ll t 2 )v{t l ,a 2 {t 2 )) -'w"^u»"'> v{t u t 2 )v{t u a 2 {t 2 )y 
The previous inequality can be rewritten as 



o / dv(t 1 ,t 2 ) 
\ 



A 2 t 2 \v(t u t 2 ) 



Delta integrating with respect to the second variable from a 2 to t 2 and noting that 
M^| (tl , a2) =0,wehave 

dv(t 1 ,t 2 ) t2 

Alt! 

v{ti,t 2 ) 

that is, 



< f m,t*2)g(tlX 2 ,h,s 2 )A 2 s 2 , 

J a 2 



<M/l -'- ) < f 2 m,4)g(tt,tlt 1)S2 )A 2 s 2 v(tut 2 ). 



Aiti 

Fix t 2 = t* 2 and put p{tx) := f(t* 1 ,q)g(t* 1 ,t 2 ' 1 t ll s 2 )A 2 s 2 € K+ . By Theorem 5.4] 

v(tt,tl) < (a(t*,^) + e)e p (t 1 ,a 1 ). 

Letting t± = i£ in the above inequality, and remembering that £*, f| and e are arbitrary, 
it follows ©. □ 

3 Nonlinear inequalities 

Theorem 3.1 Letu(ti,t 2 ) and f(ti,t 2 ) G C(f x xT 2 ,Rj). Moreover, let a(h,t 2 ) £ 
C(Ti x T2,K + ) 6e a nondecreasing function in each of the variables. If p and q are two 
positive real numbers such that p > q and if 

u p (t 1 ,t 2 )<a(t u t 2 )+ f f f{s u s 2 )u q {s 1)S2 )A lSl A 2 s 2 (6) 

J a± J a.2 

for {h,t 2 ) 6 fi X f 2 , then 



u(t u t 2 ) < a»(ti,t 2 ) 



(t%,t 2 ) efi xT 2 . (7) 
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Proof Since a{t\, t 2 ) is positive and nondecreasing on (t\,t 2 ) G T1XT2, inequality 
© implies that 

« p (ti,* 2 )<o(ti,t a ) (1+ r r f( S1 , S2 ) u ^ sus ^ A lsl A 2S2 



a(s!,s 2 ) 



Define v(ti,t 2 ) on Ti x T2 by 



Then, 



v(t 1) t 2 ) = l+ f 1 f 2 f( Sl , S2 ) U ^ Sl ' S ^ A lSl A 2S2 . 

Jar Ja 2 a{s 1 ,S 2 ) 



8 ( dv(h,t 2 ) \ ^ U q (h,t 2 ) s Z_ lf .si/. . s 

i 2 *2 V / a(ti,t 2 



A 2 

and noting that (fi, i 2 ) < £2) we conclude that 



d ( dv(ti,t 2 ) 



< f(h,t 2 )ai- 1 (t u t 2 )v(ti,t 2 ). 



A 2 t 2 \ Aiii 

We can now follow the same procedure as in the proof of Theorem 12.11 to obtain 

v(ti,t 2 ) < e p (ti,ai), 
where p(h) = J** f(t 1 ,s 2 )ai~ 1 (ti,s 2 )A 2 s 2 . Noting that 

u(t 1 ,t 2 ) < ap(t ll t 2 )vp(t ll t 2 ), 

we obtain the desired inequality (JT]). □ 

Theorem 3.2 Let u(ti, t 2 ), a(ti, t 2 ), f(ti,t 2 ) G C(fi x f 2 ,Mo)f with a and f 
nondecreasing in each of the variables and g(ti,t 2 ,si,s 2 ) G C(S,M.q), where S = 
{(ti, t 2 , Si, S2) G Ti x T2 x Ti x T2 : ai < S\ < ti,et2 < S2 < ^2}- P and q are 
two positive real numbers such that p > q and if 

u p (h,t 2 ) <a(t 1 ,t 2 ) + f(h,t 2 ) [ [ 3 (ii,t2,si,S2K(si,S2)AiSiA 2 s 2 (8) 

J a\ J a 2 

for all (ti,t 2 ) G Ti x T2, then 



u(ti,t 2 ) < ap(tt,t 2 ) 



for all (*i,t 2 ) G Ti x T 2 . 



e . a_i (ii , a/ 

f^f(ti,t 2 )aP (t 1 , S2 )g(ti,t 2 ,t 1 ,S2)A 2 s 2 y L ' 



Proof Since a(ti, £2) is positive and nondecreasing on [t\ ,t 2 ) G Ti x T2, inequality 
((HJ) implies that 

u p {t 1 M)<a{t ll t 2 )(l + fihM) I I 9{ti,t 2 , si, s 2 ) u9 ( 8l > 8 *) AiSiAaSg^) . 



ai ./ a2 



0(51,52) 
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Fix t\ E Ti and t 2 <E T 2 arbitrarily and define a function v(ti,t2) on [<xi,t*] D Ti x 
[a 2 ,^]nf 2 by 

«(ti,i 2 ) = i + /(t;,*5) T g (t;, t* 2 , si, s 2 ) " 9(si) S2) a iSi a 2S2 . 



Then, 



A 2 t 2 \ A 1 t 1 J ' a (h,t2) 

< /(*i,*2)fl(*i.*2. *i. t 2 )ai- 1 (t 1 ,t 2 )vi {t u t 2 ). 

Since u»(ti,t 2 ) < v(ti,t 2 ), we have that 

( Ia^ ) ^ /(*i^M*i.^*i.*a)o 5_1 (*i»*9)«(*i.*2)- 

We can follow the same steps as done before to reach the inequality 

dv(h t 2 ) ^ I ^( t * )i *) 5 ( t * )i * )<;i)S2 ) a f-i^ ljS2 ^ 2S2U (t lj t 2 ). 

Fix i a = ij and put p(h) := j£ f(tt, t* 2 )g{t\, t* 2 , h, s 2 )a§ "^l, s 2 )A 2 s 2 6 ft+ Again, 
an application of [2 Theorem 5.4] gives 

v(ti,t 2 ) < e p {ti,a\), 

and putting ti — t\ we obtain the desired inequality. □ 

We end this section by considering a particular time scale. Let {cxk}keN be a sequence 
of positive numbers and let 

k 
n=l 

where we assume that lim^oo — 00. Then, we define the following time scale: T Q = 
{t£ : fc G N }. For peKwe have (cf. [TJ Example 4.6]): 

ft 

e„(tfc, *o) = II ( X + "™P(*n-i)). for a11 fc e N o. (9) 

n=l 

Given two sequences {afe,/3fe}fc e N and two numbers fff,^ £ 1 as above, we define the 
two time scales T Q = {t% : k € N } and T' 3 = {if : fc e N }. We state now our last 
corollary: 

Corollary 3.1 Let u(t,s), a(t,s), and f(t,s), defined on T a x T 13 , be nonnegative 
with a and f nondecreasing . Further, let g(t, s, t, £), where (t, s, r, () £ P x xFxT^ 
with t < t and £ < s, be a nonnegative function. If p and q are two positive real numbers 
such that p > q and if 

u*(t,s)<a(t,8)+f(t,8) E M a (r)M /J (Os(*,*»T-.0« g (T-.0 (10) 

re[tgst)ee[i?,«) 
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for all (t,s) E T" x TP 3 , where fi a and pr are the graininess functions of T Q and T" , 
respectively, then 



u(t, s) < a' (t, s) 



e 9.-1 (t.tn) 



for all (t, s) E T a x T 13 , where e is given by f]J). 

Remark 3.1 In UOjl we are slightly abusing on notation by considering \t$,t) = 

[f a ,t)nr and [t$,t) = [t$,t) ni". 

4 An application 

Let us consider the partial delta dynamic equation 

d (du 2 {t u t 2 ) 



A 2 t 2 V A A 
under given initial boundary conditions 



F(t 1 ,t 2 ,u(t 1 ,t 2 )) 



'-(t^O) = g(ti), u 2 (0, ta) = h(t 2 ), 3 (0) = 0, h(0) = 0, 



(11) 



(12) 



where we are assuming a x = a 2 = 0, F E C(Ti x T 2 x RJ,KJ), g E C(Ti,R+), 
h E C(T 2 ,Mq), with g and h nondecreasing functions and positive on their domains 
except at zero. 

Theorem 4.1 Assume that on its domain, F satisfies 

F(ti,t 2 ,u) < t 2 u. 

Ifu{h,t 2 ) is a solution of the IBVP {HP-fliP f° r (h,h) G f i x f 2 , then 



u(t lM ) < + *(*»)) K^ 2(ff(il ) +ft(s2) )-U 2S2 (*^°) 

/or (iijia) 6 Ti x T 2; except at the point (0,0). 



(13) 



Proof Let «(ti,t 2 ) be a solution of the IBVP ([TT ]) -(|T2 ]) , Then, it satisfies the 
following delta integral equation: 

u 2 {t 1 ,t 2 ) = g{t 1 ) + h(t 2 )+ / F{s 1 ,s 2 ,u(s 1 ,s 2 ))A 1 s 1 A 2 s 2 . 

Jo Jo 

The hypothesis on F imply that 

u 2 (h,t 2 ) < g(h) + h{t 2 ) + / s 2 u(s 1 ,s 2 )A 1 s 1 A 2 s 2 . 

Jo Jo 



An application of Theorem 13 . 1 1 with a(t\, t 2 ) — g{t\) + h(t 2 ) and f(t\, t 2 ) = t 2 gives (|13[) 



□ 
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